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Abstract
In this work we consider the classical non-linear Boltzmann equation, where the
unknown is the distribution function f , which depends on the time t, the vector x
(the position of a molecule) and its velocity ξ. From the Boltzmann equation we
derive a semi-discrete model, which consists in a set of partial differential equations
in time and space. The new unknowns are two moments of the distribution function
f and, according to a finite volume scheme, integrals of f with respect to the velocity
ξ, over bounded and open sets. We do not introduce any approximation for the
partial derivatives with respect to x and the time t.
We also propose the use of truncated octahedra as bounded domains of integra-
tion. This reduces both the computing complexity and the number of the constant
numerical coefficients arising from the collision operator. All the numerical para-
meters can be obtained by means of numerical quadrature.
MSC-class: 76P, 82C40 (Primary) 65M60 (Secondary)
1
1. Introduction and basic equations
We consider the classical non-linear Boltzmann equation (see, for instance [1], [2]) that,
for neutral monatomic gases, writes
∂f
∂t
+ ξ · ∂f
∂x
= Q(f, f) . (1)
The unknown is the one-particle distribution function f , which depends on time t, position
x and velocity ξ. The collision operator is defined as follows
Q(f, f) =
∫
R3
∫
R3
∫
R3
W (ξ, ξ∗ | ξ′, ξ′∗) (f ′f ′∗ − ff∗) dξ∗ dξ′ dξ′∗ . (2)
Here, as in the following, to simplify the notation, often we omit to write the variables
t and x, and sometimes also the velocity ξ, explicitly. As usually, it is here understood
that
f ′ = f(t,x, ξ′), f ′
∗
= f(t,x, ξ′
∗
), f = f(t,x, ξ), f∗ = f(t,x, ξ∗) .
The kernel W of the collision operator is defined by
W (ξ, ξ∗ | ξ′, ξ′∗) = B(n ·V, |V|) δ(ξ+ ξ∗ − ξ′ − ξ′∗) δ(|ξ|2 + |ξ∗|2 − |ξ′|2 − |ξ′∗|2) (3)
where
n =
ξ − ξ′
|ξ − ξ′| and V = ξ − ξ∗ . (4)
The function B is related to the interaction law between colliding particles. In the case of
Variable Hard Sphere (VHS), B depends only on the modulus of V and we write B(|V|)
instead of B(n·V, |V|). In particular, if B(|V|) is constant, then we obtain the rigid sphere
case. The two Dirac distributions δ guarantee the conservation of the momentum and
the energy during the binary collisions. The collision operator Q(f, f) of the Boltzmann
equation (1) is often written in a different form, where the Dirac distributions do not
appear inside the integral; this reduces the collision integral to a five-fold integral. Here
we prefer the form (2), since the symmetric properties are more evident. Indeed it is
easily to prove that
W (ξ, ξ∗ | ξ′, ξ′∗) = W (ξ′, ξ′∗ | ξ, ξ∗) and W (ξ, ξ∗ | ξ′, ξ′∗) = W (ξ∗, ξ | ξ′∗, ξ′) .
Let φ : R3 → R be a measurable function. Now we assume that the generic test
function φ depends only on the velocity ξ, and all integrals, involving the distribution
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function f , exist. If we multiply both sides of the Boltzmann equation (1) by a test
function φ(ξ) and we formally integrate over R3 with respect to the velocity ξ, then we
obtain the following weak form of the Boltzmann equation
∂
∂t
∫
R3
f(t,x, ξ)φ(ξ) dξ +
∂
∂x
∫
R3
f(t,x, ξ) ξ φ(ξ) dξ =
∫
R3
Q(f, f)(t,x, ξ)φ(ξ) dξ . (5)
Hence, for any test function φ, we obtain an equation of type (5).
In order to simplify the formulas, we set D = R3, D2 = D × R3, ..., Dn+1 = Dn × R3. It
is useful to recall a well-known result. The right hand side of Eq. (5) can be written as
follows
1
2
∫
D4
W (ξ, ξ∗|ξ′, ξ′∗) [φ(ξ′) + φ(ξ′∗)− φ(ξ)− φ(ξ∗)] f(t,x, ξ) f(t,x, ξ∗) dξ′ dξ′∗ dξ∗ dξ
or
1
2
∫
D4
W (ξ, ξ∗|ξ′, ξ′∗) [φ(ξ′) + φ(ξ′∗)] f(t,x, ξ) f(t,x, ξ∗) dξ′ dξ′∗ dξ∗ dξ
− 1
2
∫
D4
W (ξ, ξ∗|ξ′, ξ′∗) [φ(ξ) + φ(ξ∗)] f(t,x, ξ) f(t,x, ξ∗) dξ′ dξ′∗ dξ∗ dξ . (6)
Now, if we define
G(φ; ξ, ξ∗) =
∫
D2
W (ξ, ξ∗|ξ′, ξ′∗) [φ(ξ′) + φ(ξ′∗)] dξ′ dξ′∗ , (7)
and (see Appendix A for the details)
ν(|V|) =
∫
D2
W (ξ, ξ∗|ξ′, ξ′∗) dξ′ dξ′∗ , (8)
then integrals (6) write
1
2
∫
D2
G(φ; ξ, ξ∗) f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ
− 1
2
∫
D2
ν(|V|) [φ(ξ) + φ(ξ∗)] f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ .
It is evident that the first integral corresponds to the gain term of the collision operator,
and the second to the loss term. Now Eq. (5) becomes
∂
∂t
∫
D
f(t,x, ξ)φ(ξ) dξ +
∂
∂x
∫
D
f(t,x, ξ) ξ φ(ξ) dξ
= 1
2
∫
D2
G(φ; ξ, ξ∗) f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ
− 1
2
∫
D2
ν(|V|) [φ(ξ) + φ(ξ∗)] f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ . (9)
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We note that the function G(φ; ξ, ξ∗), which is strictly related to the function φ, depends
only on the (ξ, ξ∗) variables, and plays the role of the kernel of the integral operator
corresponding to the gain term of the collision operator.
We recall a simple but important result. If we denote by ψ(ξ) any of the five collision
invariants
{
1, ξ, |ξ|2}, then it is easily to prove that
G(ψ; ξ, ξ∗) = ν(|V|) [ψ(ξ) + ψ(ξ∗)] ∀ ξ, ξ∗ ∈ D . (10)
2. The semi-discrete model
We consider a partition of the three-dimensional real space D. Let {Cα} be a numerable
family of open, not empty, bounded subsets such that
Cα ⊆ D ∀α ∈ N , Cα ∩ Cβ = ∅ ∀α 6= β and
∞⋃
α=1
Cα = D .
Moreover, we assume that
for every compact K ⊆ D, there exists an integer nK such that K ⊆
nK⋃
α=1
Cα. (11)
We denote by χα the characteristic function of the cell Cα, that is
χα(ξ) =
{
1 if ξ ∈ Cα
0 otherwise
and we choose the following test functions
χα(ξ) (for α = 1, 2, 3, ...), ξ, and
1
2
|ξ|2 .
A similar approach was also proposed in [3, 4]. Therefore Eq. (9) gives the system
∂
∂t
∫
Cα
f(t,x, ξ) dξ +
∂
∂x
·
∫
Cα
f(t,x, ξ) ξ dξ
= 1
2
∫
D2
G(χα; ξ, ξ∗) f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ
− 1
2
∫
D2
ν(|V|) [χα(ξ) + χα(ξ∗)] f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ (α = 1, 2, 3, ...) (12)
∂
∂t
∫
D
f(t,x, ξ) ξi dξ +
∂
∂x
·
∫
D
f(t,x, ξ) ξ ξi dξ = 0 (i = 1, 2, 3) (13)
∂
∂t
∫
D
f(t,x, ξ) 1
2
|ξ|2 dξ + ∂
∂x
·
∫
D
f(t,x, ξ) ξ 1
2
|ξ|2 dξ = 0 . (14)
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We can simplify Eq. (12), since∫
D2
ν(|V|) [χα(ξ) + χα(ξ∗)] f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ
=
∫
D2
ν(|V|)χα(ξ) f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ +
∫
D2
ν(|V|)χα(ξ∗) f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ
=
∫
Cα
∫
D
ν(|V|) f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ +
∫
D
∫
Cα
ν(|V|) f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ
= 2
∫
Cα
∫
D
ν(|V|) f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ .
Now we define the following set of functions (integrals of the distribution function f)
Nα(t,x) :=
∫
Cα
f(t,x, ξ) dξ (α = 1, 2, 3, ...) , (15)
pi(t,x) :=
∫
D
f(t,x, ξ) ξi dξ (i = 1, 2, 3) , (16)
E(t,x) := 1
2
∫
D
f(t,x, ξ) |ξ|2 dξ . (17)
The physical meaning of Nα(t,x) is evident: it is the density of the particles, that have
velocity ξ belonging to the cell Cα at time t and position x. The variables pi(t,x) and
E(t,x) are two classical moments of the distribution function f .
The aim of this work is to derive a set of partial differential equations for the new unknowns
Nα, pi and E . Introducing the variables (15)-(17), then the set of equations (12)-(14)
becomes
∂Nα
∂t
(t,x) +
∂
∂x
·
∫
Cα
f(t,x, ξ) ξ dξ = 1
2
∫
D2
G(χα; ξ, ξ∗) f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ
−
∫
Cα
∫
D
ν(|V|) f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ (α = 1, 2, 3, ...) (18)
∂pi
∂t
(t,x) +
∂
∂x
·
∫
D
f(t,x, ξ) ξ ξi dξ = 0 (i = 1, 2, 3) (19)
∂E
∂t
(t,x) + 1
2
∂
∂x
·
∫
D
f(t,x, ξ) ξ |ξ|2 dξ = 0 . (20)
Of course, the system of Eqs. (18)-(20) is not closed.
According to the finite volume scheme, the simplest way to derive a closed system is to in-
troduce the following set of numerical parameters, which do not depend on the distribution
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function f ,
Gα;β,γ =
1
µ(Cβ)
1
µ(Cγ)
∫
Cβ
∫
Cγ
G(χα; ξ, ξ∗) dξ∗ dξ , (α, β, γ ∈ N) (21)
να;β =
1
µ(Cα)
1
µ(Cβ)
∫
Cα
∫
Cβ
ν(|V|) dξ∗ dξ , (α, β ∈ N) (22)
mα =
1
µ(Cα)
∫
Cα
ξ dξ, (α ∈ N) (23)
piα,i =
1
µ(Cα)
∫
Cα
ξ ξi dξ, (α ∈ N , i = 1, 2, 3) (24)
eα =
1
µ(Cα)
∫
Cα
ξ |ξ|2 dξ, (α ∈ N) (25)
where µ(Cα) is the measure of the cell Cα.
The parameter Gα;β,γ is an average of the function G(χα; ξ, ξ∗) over the set
Sβγ =
{
(ξ, ξ∗) ∈ D2 : ξ ∈ Cβ e ξ∗ ∈ Cγ
}
.
The meaning of the other parameters is analogous. Now we assume reasonable that∫
D2
G(χα; ξ, ξ∗) f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ
=
∞∑
β=1
∞∑
γ=1
∫
Cβ
∫
Cγ
G(χα; ξ, ξ∗) f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ
≈
∞∑
β=1
∞∑
γ=1
∫
Cβ
∫
Cγ
Gα;β,γ f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ =
∞∑
β=1
∞∑
γ=1
Gα;β,γ Nβ(t,x)Nγ(t,x) ,
∫
Cα
∫
D
ν(|V|) f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ =
∞∑
β=1
∫
Cα
∫
Cβ
ν(|V|) f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ
≈
∞∑
β=1
∫
Cα
∫
Cβ
να;β f(t,x, ξ) f(t,x, ξ∗) dξ∗ dξ =
∞∑
β=1
να;β Nα(t,x)Nβ(t,x),
∫
Cα
f(t,x, ξ) ξ dξ ≈mαNα(t,x),
∫
D
f(t,x, ξ) ξ ξi dξ =
∞∑
α=1
∫
Cα
f(t,x, ξ) ξ ξi dξ ≈
∞∑
α=1
piα,iNα(t,x),
∫
D
f(t,x, ξ) ξ |ξ|2 dξ =
∞∑
α=1
∫
Cα
f(t,x, ξ) ξ |ξ|2 dξ ≈
∞∑
α=1
eαNα(t,x).
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Introducing these approximations, the system (18)-(20) gives the closed system of partial
differential equations
∂Nα
∂t
(t,x) +mα · ∂Nα
∂x
(t,x)
= 1
2
∞∑
β=1
∞∑
γ=1
Gα;β,γ Nβ(t,x)Nγ(t,x)−
∞∑
β=1
να;β Nα(t,x)Nβ(t,x) (α = 1, 2, , ...) (26)
∂pi
∂t
(t,x) +
∞∑
α=1
piα,i · ∂Nα
∂x
(t,x) = 0 (i = 1, 2, 3) (27)
∂E
∂t
(t,x) + 1
2
∞∑
α=1
eα · ∂Nα
∂x
(t,x) = 0 . (28)
We remark that Eqs. (26) are Smoluchowski type equations; they do not contain the other
unknowns pi and E . So, the system of equations (26)-(28) is decoupled.
3. Conservation laws
The model (26)-(28) retains some of the main features of the Boltzmann equation. This
is a consequence of the fact that the numerical parameters Gα;β,γ and να;β are related
to the collision operator Q(f, f). Firstly we observe that Eqs. (27)-(28) correspond to
the conservation of momentum and energy, that are constant for spatially homogeneous
solutions. Also the conservation of the mass is recovered at the discrete level. This is
shown after proving two simple results.
Property 1. For every pair (β, γ), the parameters Gα;β,γ are zero except at most a finite
number of indexes α.
Proof. In the Appendix A, we show that
G(χα; ξ, ξ∗) =
|V|
8
∫ 1
−1
ds
∫ pi
−pi
dθ B(1
2
|V − |V|u| , |V|)
× [χα(12(ξ + ξ∗) + 12 |V|u)+ χα(12(ξ + ξ∗)− 12 |V|u)] ,
where u =
(√
1− s2 cos θ,√1− s2 sin θ, s) is an unit vector. We choose the two indexes
β e γ arbitrarily, and we consider the restriction of the function G(χα; ξ, ξ∗) to the set
Sβγ =
{
(ξ, ξ∗) ∈ D2 : ξ ∈ Cβ e ξ∗ ∈ Cγ
}
.
Since the cells are bounded sets, there exists a constant cβγ, such that
7
|ξ|2 + |ξ∗|2 ≤ cβγ for every (ξ, ξ∗) ∈ Sβγ .
Now
∣∣1
2
(ξ + ξ∗) +
1
2
|V|u∣∣2 + ∣∣1
2
(ξ + ξ∗)− 12 |V|u
∣∣2
= 1
2
|ξ + ξ∗|2 + 12 |V|2 = |ξ|2 + |ξ∗|2 ≤ cβγ ∀ (ξ, ξ∗) ∈ Sβγ and ∀u ∈ S2.
Therefore there exists a compact set Kβγ ⊂ D, depending only on the indexes β e γ, such
that
1
2
(ξ + ξ∗) +
1
2
|V|u ∈ Kβγ and 12(ξ + ξ∗)− 12 |V|u ∈ Kβγ, ∀ (ξ, ξ∗) ∈ Sβγ and ∀u ∈ S2.
Hypothesis (11) guarantees the existence of a finite covering of Kβγ by cells; therefore we
can find an index αβγ such that
Kβγ ∩ Cα = ∅ ∀α > αβγ,
which implies Gα;β,γ = 0 for every α > αβγ. N
Property 2.
1
2
∞∑
α=1
Gα;β,γ = νβ;γ ∀ β, γ ∈ N.
Proof. Due to the Property 1, the series reduces to a finite sum, and this simplifies the
proof. We must prove that
1
2
∞∑
α=1
∫
Cβ
∫
Cγ
G(χα; ξ, ξ∗) dξ∗ dξ =
∫
Cβ
∫
Cγ
ν(|V|) dξ∗ dξ ∀ β, γ ∈ N,
or ∫
Cβ
∫
Cγ
[
∞∑
α=1
G(χα; ξ, ξ∗)− 2 ν(|V|)
]
dξ∗ dξ = 0 ∀ β, γ ∈ N.
Now, using the definition (7), we have for every ξ, ξ∗ ∈ D
∞∑
α=1
G(χα; ξ, ξ∗) =
∞∑
α=1
∫
D2
W (ξ, ξ∗|ξ′, ξ′∗) [χα(ξ′) + χα(ξ′∗)] dξ′ dξ′∗
=
∞∑
α=1
∫
D
∫
Cα
W (ξ, ξ∗|ξ′, ξ′∗) dξ′ dξ′∗ +
∞∑
α=1
∫
Cα
∫
D
W (ξ, ξ∗|ξ′, ξ′∗) dξ′ dξ′∗
= 2
∫
D2
W (ξ, ξ∗|ξ′, ξ′∗) dξ′ dξ′∗ = 2 ν(|V|) . N
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This property is equivalent to Eq. (10) for ψ = 1, and it guarantees the conservation of
the mass for the semi-discrete model. Infact from Eq. (26) it follows
∞∑
α=1
[
∂Nα
∂t
(t,x) +mα · ∂Nα
∂x
(t,x)
]
= 1
2
∞∑
α=1
∞∑
β=1
∞∑
γ=1
Gα;β,γ Nβ(t,x)Nγ(t,x)−
∞∑
α=1
∞∑
β=1
να;β Nα(t,x)Nβ(t,x)
= 1
2
∞∑
α=1
∞∑
β=1
∞∑
γ=1
Gα;β,γ Nβ(t,x)Nγ(t,x)−
∞∑
β=1
∞∑
γ=1
νβ;γ Nβ(t,x)Nγ(t,x)
=
∞∑
β=1
∞∑
γ=1
[
1
2
∞∑
α=1
Gα;β,γ − νβ;γ
]
Nβ(t,x)Nγ(t,x) = 0 .
Equations (27)-(28) approximate the exact equations, which are obtained by Eq. (5)
for φ(ξ) = ξi (i = 1, 2, 3) and φ(ξ) = |ξ|2. So the quantities pi and E are not the
exact moments of the distribution functions, except for spatially homogeneous solutions.
Nevertheless this represents an advantage. In fact, let us consider a solution of Eqs. (26)-
(28). Since, for i = 1, 2, 3,
pi(t,x) =
∫
D
f(t,x, ξ) ξi dξ =
∞∑
α=1
∫
Cα
f(t,x, ξ) ξi dξ ≈
∞∑
α=1
[
1
µ(Cα)
∫
Cα
ξi dξ
]
Nα(t,x) ,
then the function ∣∣∣∣∣pi(t,x)−
∞∑
α=1
[
1
µ(Cα)
∫
Cα
ξi dξ
]
Nα(t,x)
∣∣∣∣∣
furnishes a simple measure of the goodness of the solution of the model. Analogously we
can use the relationship
E(t,x) = 1
2
∫
D
f(t,x, ξ) |ξ|2 dξ = 1
2
∞∑
α=1
∫
Cα
f(t,x, ξ) |ξ|2 dξ
≈ 1
2
∞∑
α=1
[
1
µ(Cα)
∫
Cα
|ξ|2 dξ
]
Nα(t,x) .
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4. A domain decomposition
We propose a regular decomposition, where the cells are truncated octahedra.
Figure 1. The truncated octahedron.
The truncated octahedron is the Archimedean solid, with 8 regular hexagonal faces and
6 square faces. Let ℓ be the distance between two opposite square faces. If we denote
by (c1, c2, c3) the coordinates of the center of a generic truncated octahedron, and all the
square faces are parallel to the coordinate planes, then (ξ1, ξ2, ξ3) belongs to the open cell
if and only if the following inequalities are satisfied
|ξ1 − c1| < ℓ
2
, |ξ2 − c2| < ℓ
2
, |ξ3 − c3| < ℓ
2
,
|ξ1 − c1|+ |ξ2 − c2|+ |ξ3 − c3| < 3
4
ℓ .
It is fundamental to point out that the truncated octahedron is a space-filling polyhedron.
The number of the nearest cells to every cell is fourteen, whereas, for instance, for cubic
cells this number is twenty-six. The coordinates of the centers of the fourteen neighboring
cells are (
c1 − 1
2
ℓ, c2 +
1
2
ℓ, c3 ± ℓ
2
)
,
(
c1 − 1
2
ℓ, c2 − 1
2
ℓ, c3 ± ℓ
2
)
,
(
c1 +
1
2
ℓ, c2 +
1
2
ℓ, c3 ± ℓ
2
)
,
(
c1 +
1
2
ℓ, c2 − 1
2
ℓ, c3 ± ℓ
2
)
,
(c1 ± ℓ, c2, c3) , (c1, c2 ± ℓ, c3) , (c1, c2, c3 ± ℓ) .
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Let us denote by cβ the center of the cell Cβ. The truncated octahedron has some
interesting properties. One of these is the following:
if ξ ∈ Cα, then |ξ − cα| < |ξ − cβ| ∀ β 6= α.
This allows us to easily determine the position of a velocity within a cell.
Appendix A
We recall some well-known formulas, which are useful to transform the collision operator.
In particular they are used to reduce the collision operator to a five-fold integral. Let F
be a continuous function defined on D4. We have∫
D2
F (ξ, ξ∗, ξ
′, ξ′
∗
) δ(ξ + ξ∗ − ξ′ − ξ′∗) δ(|ξ|2 + |ξ∗|2 − |ξ′|2 − |ξ′∗|2) dξ′ dξ′∗
[ by means of the change of variables: ξ′ = ξ −A, ξ′
∗
= ξ∗ +B]
=
∫
D2
F (ξ, ξ∗, ξ −A, ξ∗ +B) δ(A−B) δ(|ξ|2 + |ξ∗|2 − |ξ −A|2 − |ξ∗ +B|2) dA dB
=
∫
D
F (ξ, ξ∗, ξ −A, ξ∗ +A) δ(|ξ|2 + |ξ∗|2 − |ξ −A|2 − |ξ∗ +A|2) dA
=
∫
D
F (ξ, ξ∗, ξ −A, ξ∗ +A) δ(−2 |A|2 + 2A · ξ − 2A · ξ∗) dA
= 1
2
∫
D
F (ξ, ξ∗, ξ −A, ξ∗ +A) δ(|A|2 −A ·V) dA (A.1)
[ by using the variable transformation
(
C = 1
2
V −A)]
= 1
2
∫
D
F (ξ, ξ∗, ξ +C− 12V, ξ∗ −C+ 12V) δ
(|C|2 − 1
4
|V|2) dC
= 1
2
∫
D
F (ξ, ξ∗,
1
2
(ξ + ξ∗) +C,
1
2
(ξ + ξ∗)−C) δ
(|C|2 − 1
4
|V|2) dC (A.2)
[ set C = r u with u = (
√
1− s2 cos θ,
√
1− s2 sin θ, s)]
=
1
8
|V|
∫ 1
−1
ds
∫ pi
−pi
dθ F (ξ, ξ∗,
1
2
(ξ + ξ∗) +
1
2
|V|u, 1
2
(ξ + ξ∗)− 12 |V|u) . (A.3)
The total cross section.
We must consider the integral ∫
D2
W (ξ, ξ∗|ξ′, ξ′∗) dξ′ dξ′∗ . (A.4)
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We apply the formula (A.1), where now F (ξ, ξ∗, ξ
′, ξ′
∗
) = B(n ·V, |V|).
Since
n =
(ξ − ξ′)
|ξ − ξ′| =
A
|A| ,
then we have∫
D2
W (ξ, ξ∗|ξ′, ξ′∗) dξ′ dξ′∗ =
1
2
∫
D
B
(
A
|A| ·V, |V|
)
δ(|A|2 −A ·V) dA . (A.5)
If V = 0 then the integral (A.5) holds zero, otherwise, we fix the vector V, and we choose
a reference frame such that V = (0, 0, |V|). Then we introduce spherical coordinates, so
that
A = r(sinϕ cos θ, sinϕ sin θ, cosϕ), which implies
A
|A| ·V = |V| cosϕ ,
and the integral (A.5) becomes
1
2
∫ +∞
0
dr
∫ pi
0
dϕ
∫ 2pi
0
dθ B(|V| cosϕ, |V|) δ (r2 − r |V| cosϕ) r2 sinϕ
= π
∫ pi
0
B(|V| cosϕ, |V|)
[∫ +∞
0
δ
(
r2 − r |V| cosϕ) r2 dr] sinϕ dϕ
= π
∫ 1
−1
B(|V| s, |V|)
[∫
R
δ
(
r2 − r |V| s) r2H(r) dr] ds
= π
∫ 1
0
B(|V| s, |V|) |V| s ds ,
where H(r) is the Heaviside step function. Hence the integral (A.5) is a function of ξ and
ξ∗ only through the modulus of V, and we can define
ν(|V|) :=
∫
D2
W (ξ, ξ∗|ξ′, ξ′∗) dξ′ dξ′∗ = π |V|
∫ 1
0
B(|V| s, |V|) s ds . (A.6)
In the case of Variable Hard Sphere, we have
ν(|V|) = π
2
|V|B(|V|) .
The gain kernel G.
We study the integral
G(φ; ξ, ξ∗) =
∫
D2
W (ξ, ξ∗|ξ′, ξ′∗) [φ(ξ′) + φ(ξ′∗)] dξ′ dξ′∗ (A.7)
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The apply the formula (A.3), where now F (ξ, ξ∗, ξ
′, ξ′
∗
) = B(n ·V, |V|) [φ(ξ′) + φ(ξ′
∗
)].
Since
ξ − ξ′ = ξ − 1
2
(ξ + ξ∗)− 12 |V|u = 12(ξ − ξ∗)− 12 |V|u = 12 V − 12 |V|u ,
we have
n ·V = (ξ − ξ
′)
|ξ − ξ′| ·V =
(
1
2
V − 1
2
|V|u) ·V∣∣ 1
2
V − 1
2
|V|u ∣∣ = |V|
2 − |V| (u ·V)
|V − |V|u |
=
1
2
|V − |V|u |2
|V − |V|u | =
1
2
|V − |V|u | .
Hence
G(φ; ξ, ξ∗) =
|V|
8
∫ 1
−1
ds
∫ pi
−pi
dθ B
(
1
2
|V − |V|u | , |V|)
× [φ (1
2
(ξ + ξ∗) +
1
2
|V|u)+ φ (1
2
(ξ + ξ∗)− 12 |V|u
)]
. (A.8)
In the case of Variable Hard Sphere, we have
G(φ; ξ, ξ∗) =
|V|
8
B(|V|)
∫ 1
−1
ds
∫ pi
−pi
dθ
[
φ
(
1
2
(ξ + ξ∗) +
1
2
|V|u)+ φ (1
2
(ξ + ξ∗)− 12 |V|u
)]
=
|V|
4
B(|V|)
∫ 1
−1
ds
∫ pi
−pi
dθ φ
(
1
2
(ξ + ξ∗) +
1
2
|V|u) . (A.9)
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